On the Vector valued Fourier Transform And Compatibility of Operators by Park, In Sook
ar
X
iv
:m
at
h/
02
08
25
3v
2 
 [m
ath
.FA
]  
20
 O
ct 
20
03
ON THE VECTOR VALUED FOURIER TRANSFORM AND
COMPATIBILITY OF OPERATORS*
IN SOOK PARK
Abstract. Let G be a locally compact abelian group and let 1 < p ≤ 2. G
′
is the dual group of G, and p
′
the conjugate exponent of p. An operator T
between Banach spaces X and Y is said to be compatible with the Fourier
transform FG if FG ⊗ T : Lp(G) ⊗ X → Lp′ (G
′
) ⊗ Y admits a continuous
extension [FG, T ] : [Lp(G), X ] → [Lp′ (G
′
), Y ]. FT G
p
denotes the set of such
T ’s. We show that FT R×G
p
= FT Z×G
p
= FT Z
n
×G
p
for any G and positive
integer n. And if the factor group of G with respect to its component of the
identity element is a direct sum of a torsion free group and a finite group with
discrete topology then FT G
p
= FT Z
p
.
1. Introduction
A locally compact abelian group means a topological abelian group with its
Haar measure whose topology is locally compact Hausdorff. The real line R,
the discrete group of integers Z and the circle group T are important exam-
ples. Further information can be found in [3], [5] and [12]. Let G be a locally
compact abelian group and G
′
its dual(charactor) group, the Haar measure of
G
′
is determined so that Parseval’s identity is established with constant 1. For
1 ≤ r < ∞, we denote by [Lr(G, µG), X ] the Banach space of all measurable
functions f : G→ X for which ‖f |Lr(G)‖ :=
( ∫
G
‖f(s)‖r dµG(s)
)1/r
is finite. Let
G be a fixed infinite locally compact abelian group and 1 < p ≤ 2. FG denotes
the Fourier transform from Lp(G) into Lp′ (G
′
). For a bounded linear operator T
between Banach spaces X and Y ,
FG ⊗ T :
n∑
k=1
fk ⊗ xk 7→
n∑
k=1
FGfk ⊗ Txk
yields a well-defined map from Lp(G) ⊗ X into Lp′ (G
′
) ⊗ Y . T is said to be
compatible with FG or have G-Fourier type p, if the operator FG ⊗ T : Lp(G)⊗
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X → Lp′ (G
′
)⊗ Y admits a continuous extension
[FG, T ] : [Lp(G), X ]→ [Lp′ (G
′
), Y ].
For such T , we let
‖ T |FT Gp ‖ := ‖[F
G, T ] : [Lp(G), X ]→ [Lp′ (G
′
), Y ]‖.
The norm defined above is invariant under changing the Haar measure of G. The
class of these operators is a Banach ideal, denoted by FT Gp . The definition and
notation follow those of [10].
It is known that FT Rp = FT
Z
p = FT
T
p [10], but the problem whether the
operator ideal FT Gp depends on G or not is unsolved. There are several results
about FTGp , the class of Banach spaces whose identity operators are compatible
with FG. And these are immediately extended to the case of FT Gp by replacing
the identity operator on a Banach space X with T . Peetre [9] who introduced
the concept of Banach space of Fourier type p proved that X belongs to FTRp if
and only if the dual space X
′
belongs to FTRp . In fact, T belongs to FT
G
p if and
only if the dual operator T
′
belongs to FT G
′
p i.e. ‖ T |FT
G
p ‖ = ‖ T
′
|FT G
′
p ‖ for
any locally compact abelian group G. Bourgain [2] showed that FTTp ⊂ FT
R
p and
Ko¨nig [7] modified Kwapien’s argument [8] to show that FTRp = FT
T
p and extended
this to that FTGp = FT
T
p if G is one of R
m and Tm, where m is a positive integer.
Garcia-Cuerva, Kazarian and Torrea [4] and Andersson [1] showed independently
that FTGp = FT
Z
p whenever G is one of T
m, T∞, Rm, Zm and Z∞. Andersson [1]
also proved that ‖IX |FT
H
p ‖ ≤ ‖IX |FT
G
p ‖ when H is an open subgroup of G, and
that FTEp = FT
Z
p if E is a nontrivial torsion free abelian group with the discrete
topology.
In this paper we characterize FT Gp partly as follows. In Section 2, we show
for every locally compact abelian group G that ‖ T |FT R×Gp ‖ is equivalent to
‖ T |FT Z×Gp ‖, and ‖ T |FT
Zn×G
p ‖ = ‖ T |FT
Z×G
p ‖. The Cartesian product means
the direct sum. By applying these, we easily obtain some results in the above
paragraph and the relation FT R
k×Zl×Tm×G
p = FT
Z×G
p for any nonnegative integers
k, l, m with k+ l+m ≥ 1. In Section 3, we combine the results of Section 2 with
the properties of a locally compact abelian group to show that FT R
k×Zl×F
p = FT
Z
p
for any compact abelian group F with finitely many components. And we show
that if G ∼= Rk×[torsion-free group with discrete topology]×[compact group with
finite components] then FT Gp = FT
Z
p . If the factor group of a locally compact
abelian group G with respect to the component of the identity element is in the
form of [torsion-free group]×[finite group] with discrete topology, then we have
FT Gp = FT
Z
p .
From now on, X and Y are Banach spaces and T : X → Y is a bounded
linear operator. We denote the dual group of G by G
′
. But we use the fact that
2
R
′
= R and Z
′
= T. We use the abbreviation LCA for ‘locally compact abelian’.
The term ‘isomorphic’ means ‘topologically and algebraically isomorphic’. The
integral for a vector valued function is the Bochner integral.
2. Classifying FT Gp via direct sum.
First we observe that the proof in [4] of the fact FTRp = FT
Z
p can be modified
to yield the following:
Proposition 1. For any LCA group G, we have the inequalities
‖ T |FT R×Gp ‖ ≤ ‖ T |FT
Z×G
p ‖ ≤
pi
2
‖ T |FT R×Gp ‖,
and hence
FT R×Gp = FT
Z×G
p .
Proof. For arbitrary δ > 0, let
f(s, t) =
∑
m
χ[δ(m− 1
2
) , δ(m+ 1
2
)](s) gm(t),
where the summation is over Z, gm is an X-valued simple function on G and
gm = 0 except for finitely many m. Note that the set of all X-valued functions
of the form of f is dense in [Lp(R×G), X ]. We compute
‖f |Lp(R×G)‖ =
(∫
R×G
‖
∑
m
χ[δ(m− 1
2
) , δ(m+ 1
2
)](s) gm(t)‖
p ds dt
) 1
p
= δ
1
p
(∫
G
∑
m
‖gm(t)‖
p dt
) 1
p
.
(1)
Since
∫ δ(m+1/2)
δ(m−1/2)
exp(is˜s) ds = exp(imδs˜)
sin( δ
2
s˜)
s˜/2
, we have
T̂ f(s˜ , t˜) =
∫
G
∫
R
∑
m
Tgm(t)χ[δ(m− 1
2
) , δ(m+ 1
2
)](s) exp(is˜s) (t, t˜) ds dt
=
∫
G
∑
m
Tgm(t) (t, t˜) exp(iδms˜)
sin( δ
2
s˜)
1
2
s˜
dt.
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Hence
‖[FR×G , T ]f‖p
′
=
∫
G
′
∫
R
∥∥∥ ∫
G
∑
m
Tgm(t) (t, t˜) exp(iδms˜)
sin( δ
2
s˜)
1
2
s˜
dt
∥∥∥p′ 1
2pi
ds˜ dt˜
= δp
′
∫
G
′
∫
R
∥∥∥ ∫
G
∑
m
Tgm(t) (t, t˜) exp(iδms˜)
sin( δ
2
s˜)
δ
2
s˜
dt
∥∥∥p′ 1
2pi
ds˜ dt˜
= δp
′
−1
∫
G
′
∫
R
∣∣∣sin(12 s˜)1
2
s˜
∣∣∣p′∥∥∥∫
G
∑
k
(
∑
m
Tgm(t)χ{m}(k)) (t, t˜) exp(iks˜) dt
∥∥∥ 1
2pi
ds˜ dt˜
= δp
′
−1
∫
G
′
∫ pi
−pi
∑
n
∣∣∣ sin(12 s˜)1
2
s˜− npi
∣∣∣p′∥∥[F Z×G , T ](∑
m
gm χ{m})
∥∥p′ 1
2pi
ds˜ dt˜
≤ δp
′
−1‖ T |FT Z×Gp ‖
p
′
(∫
G
∑
m
‖gm(t)‖
pdt
)p′
p
= ‖ T |FT Z×Gp ‖
p
′
‖ f |Lp(R×G)‖
p
′
by (1),
where we used the inequality
∑
n |
sin s˜
s˜−npi
|p
′
≤ 1 for any real s˜ 6= npi and 2 ≤ p
′
<
∞, see [6].
Therefore we have ‖ T |FT R×Gp ‖ ≤ ‖ T |FT
Z×G
p ‖ and FT
Z×G
p ⊆ FT
R×G
p .
For the right inequality let f(k, t) =
∑
m gm(t)χ{m}(k) where gm is anX-valued
simple function and gm = 0 except for finitely many m. By density argument
it’s enough to consider f of the above form. Now we have
‖f |Lp(Z×G)‖ =
(∫
G
∑
k
‖
∑
m
gm(t)χ{m}(k) ‖
p dt
) 1
p
=
(∫
G
∑
m
‖ gm(t) ‖
p dt
) 1
p
; and
(2)
T̂ f(s˜ , t˜) =
∫
G
∑
k
(∑
m
Tgm(t)χ{m}(k)
)
exp(is˜k) (t, t˜) dt
=
∫
G
∑
m
Tgm(t) exp(is˜m) (t, t˜) dt.
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We use the identity, exp(ims˜) =
∫
R
s˜/2
sin(s˜/2)
χ[m−1/2 ,m+1/2](s) exp(iss˜) ds, to ob-
tain the following inequality:
‖[F Z×G , T ]f‖p
′
=
1
2pi
∫
G
′
∫ pi
−pi
∥∥∥∫
G
∑
m
Tgm(t) (t, t˜)
∫
R
s˜/2
sin(s˜/2)
χ[m−1/2 ,m+1/2](s) exp(is˜s) ds dt
∥∥∥p′ ds˜ dt˜
≤
1
2pi
∫
G
′
∫ pi
−pi
∣∣∣ s˜/2
sin(s˜/2)
∣∣∣p′∥∥∥∫
G
∫
R
∑
m
Tgm(t)χ[m− 1
2
,m+ 1
2
](s) (t, t˜) exp(is˜s) ds dt
∥∥∥p′ds˜ dt˜
( because
∣∣∣ s˜/2
sin(s˜/2)
∣∣∣ ≤ pi
2
for − pi ≤ s˜ ≤ pi )
≤
1
2pi
(pi
2
)p′ ∫
G
′
∫
R
∥∥∥ ∫
G
∫
R
∑
m
Tgm(t)χ[m− 1
2
,m+ 1
2
](s) (t, t˜) exp(is˜s) ds dt
∥∥∥p′ds˜ dt˜
=
(pi
2
)p′ ∥∥[FR×G , T ](∑
m
gm χ[m− 1
2
, m+ 1
2
]
) ∥∥p′
≤
(pi
2
)p′
‖ T |FT R×Gp ‖
p
′ ∥∥∑
m
gm χ[m− 1
2
,m+ 1
2
] |Lp(R×G)
∥∥p′
( since
∥∥∑
m
gm χ[m− 1
2
,m+ 1
2
] |Lp(R×G)
∥∥ = (∫
G
∑
m
‖gm(t) ‖
p dt
) 1
p
)
=
(pi
2
)p′
‖ T |FT R×Gp ‖
p
′
‖f |Lp(Z×G)‖
p
′
by (2).
Therefore we have ‖ T |FT Z×Gp ‖ ≤
pi
2
‖ T |FT R×Gp ‖ and FT
R×G
p ⊆ FT
Z×G
p .
This completes the proof of Proposition 1. 
According to Theorem 6.3 of [4], for any LCA group G and operator T ,
‖ T |FT Gp ‖ = ‖ T
′
|FT G
′
p ‖. By applying this property, we have the following:
Proposition 2. For every LCA group G, FT R×Gp = FT
T×G
p .
Proof. By Proposition 1 we have
‖ T |FT R×Gp ‖ = ‖ T
′
|FT R×G
′
p ‖ ≤ ‖ T
′
|FT Z×G
′
p ‖ = ‖ T |FT
T×G
p ‖.
Similarly
‖ T |FT T×Gp ‖ ≤
pi
2
‖ T |FT R×Gp ‖.

From Proposition 1 and 2, we conclude that FT R×Gp = FT
Z×G
p = FT
T×G
p for
every LCA group G. And we have the following two corollaries.
Corollary 3. FT R
n
p = FT
Zn
p = FT
Tn
p for every integer n ≥ 1.
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Proof. By Proposition 1 we have
FT R
n
p = FT
R×Rn−1
p = FT
Z×Rn−1
p .
We continue this to obtain
FT R×Z×R
n−2
p = FT
Z×Z×Rn−2
p = ... = FT
Zn
p .
Similarly we apply Proposition 2 n times to obtain
FT R
n
p = FT
Tn
p .

Corollary 4. FT R
n×G
p = FT
Zn×G
p = FT
Tn×G
p for every LCA group G.
Proof. The proof is similar to that of Corollary 3. 
Lemma 5. For every LCA group G and every positive integer n,
‖ T |FT Z
n×G
p ‖ = ‖ T |FT
Z×G
p ‖
and therefore FT Z
n×G
p = FT
Z×G
p .
Proof. Let f(k, t) =
∑
m gm(t)χ{m}(k) ,where gm is anX-valued simple function
on G and the summation is on a finite subset of Z, then
‖f |Lp(Z×G)‖ =
(∫
G
∑
m
‖ gm(t) ‖
p dt
) 1
p
.
We have
[F Z×G , T ]f(s˜, t˜) =
∫
G
∑
k
(
∑
m
Tgm(t)χ{m}(k)) exp(is˜k) (t, t˜) dt
and
‖[F Z×G , T ]f‖p
′
=
∫
G
′
∫
T
∥∥∥ ∫
G
∑
k
(
∑
m
Tgm(t)χ{m}(k)) exp(is˜k) (t, t˜) dt
∥∥∥p′ ds˜ dt˜
=
∫
G
′
∫
T
∫
T
∥∥∥∫
G
∑
k,l
(∑
m
Tgm(t)χ{m}(k)χ{0}(l)
)
exp(is˜k) exp(iξl) (t, t˜) dt
∥∥∥p′ ds˜ dξ dt˜
≤ ‖ T |FT Z
2×G
p ‖
p
′
( ∫
G
∑
k,l
∥∥∑
m
gm(t)χ{m}(k)χ{0}(l)
∥∥pdt)p
′
p
= ‖ T |FT Z
2×G
p ‖
p
′
(∫
G
∑
m
‖ gm(t) ‖
p dt
)p′
p
,
so ‖ T |FT Z×Gp ‖ ≤ ‖ T |FT
Z2×G
p ‖.
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Conversely let
f(k1, k2, t) =
∑
l1,l2
gl1,l2(t)χ{l1}(k1)χ{l2}(k2),
where the summation is on a finite subset of Z× Z, then we have
(3) ‖f |Lp(Z
2 ×G)‖ =
(∫
G
∑
l1,l2
‖gl1,l2(t)‖
pdt
) 1
p
.
Since [F Z
2×G , T ]f(s˜1, s˜2, t˜) =
∫
G
∑
l1,l2
Tgl1,l2(t) exp(is˜1l1) exp(is˜2l2) (t, t˜) dt we
have
‖[F Z
2×G , T ]f‖p
′
=∫
G
′
∫
T
∫
T
∥∥∥∫
G
∑
l1,l2
Tgl1,l2(t) exp(is˜1l1) exp(is˜2l2) (t, t˜) dt
∥∥∥p′ds˜1 ds˜2 dt˜
( we let A = 2max{l1} + 1 )
=
∫
G
′
∫
T
∫
T
∥∥∥∫
G
∑
l1,l2
Tgl1,l2(t) exp(is˜1l1) exp(is˜2Al2) (t, t˜) dt
∥∥∥p′ds˜1 ds˜2 dt˜
=
∫
G
′
∫
T
∫
T
∥∥∥∫
G
∑
l1,l2
Tgl1,l2(t) exp(is˜1l1) exp(i(s˜1 + s˜2)Al2) (t, t˜) dt
∥∥∥p′ds˜1 ds˜2 dt˜
=
∫
G
′
∫
T
∫
T
∥∥∥∫
G
∑
l1,l2
Tgl1,l2(t) exp(is˜1(l1 + Al2)) exp(is˜2Al2) (t, t˜) dt
∥∥∥p′ds˜1 ds˜2 dt˜
=
∫
T
∫
G
′
∫
T
∥∥∥∫
G
∑
l1,l2
T (gl1,l2(t) exp(is˜2Al2)) exp(is˜1(l1 + Al2)) (t, t˜) dt
∥∥∥p′ds˜1 dt˜ ds˜2
=
∫
T
∥∥[F Z×G , T ](∑
l1,l2
(gl1,l2(t) exp(is˜2Al2)
)
χ{l1+Al2}
∥∥p′ds˜2
≤
∫
T
[
‖ T |FT Z×Gp ‖
p
′
(∫
G
∑
l1+Al2
‖gl1,l2(t) exp(is˜2Al2)‖
pdt
)p′/p]
ds˜2
= ‖ T |FT Z×Gp ‖
p
′( ∫
G
∑
l1+Al2
‖gl1,l2(t)‖
pdt
)p′/p
= ‖ T |FT Z×Gp ‖
p
′( ∫
G
∑
l1,l2
‖gl1,l2(t)‖
pdt
)p′/p
= ‖ T |FT Z×Gp ‖
p
′
‖f |Lp(Z
2 ×G)‖p
′
by (3),
(4)
so it follows that ‖ T |FT Z
2×G
p ‖ ≤ ‖ T |FT
Z×G
p ‖.
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Therefore we have ‖ T |FT Z
2×G
p ‖ = ‖ T |FT
Z×G
p ‖ . A simple generalization
yields, for all positive integers n that
(5) ‖ T |FT Z
n×G
p ‖ = ‖ T |FT
Z×G
p ‖
hence that FT Z
n×G
p = FT
Z×G
p . 
Remark 1. In fact, a dissipative group A satisfies the property that ‖ T |FT A
n×G
p ‖ =
‖ T |FT A×Gp ‖ for any positive integer n and for any LCA group G. The definition
and properties of a dissipative group are introduced in [4]. The idea of the proof
of Lemma 5 goes back to [4].
Corollary 6. ‖ T |FT T
n×G
p ‖ = ‖ T |FT
T×G
p ‖ and so FT
Tn×G
p = FT
T×G
p .
Proof. This follows from Lemma 5 and a duality argument. 
Proposition 7. Let H be R, Z or T, and G be an LCA group. Then FT H
n×G
p =
FT Z×Gp for any integer n ≥ 1. In particular, FT
Hn
p = FT
Z
p .
Proof. It follows from Corollary 4 and Lemma 5 that FT H
n×G
p = FT
Z×G
p . And
if G is the trivial group then we have FT H
n
p = FT
Z
p . 
Notation: From now on, when H is R, Z or T we denote FT Hp by FT p.
Corollary 8. FT R
a×Zb×Tc
p = FT p for any nonnegative integers a , b , c with
a+ b+ c ≥ 1.
Proof. Without loss of generality we assume a, b, c > 0. By applying Proposition
7, we have
FT R
a×Zb×Tc
p = FT
Zb+1×Tc
p = FT
Z×Tc
p = FT
Z2
p = FT
Z
p .

Theorem 9. Let G be an LCA group then FT R
a×Zb×Tc×G
p = FT
Z×G
p for any
nonnegative integers a , b , c with a+ b+ c ≥ 1.
Proof. By Proposition 7 we have
FT R
a×Zb×Tc×G
p = FT
Z1+b×Tc×G
p = FT
Z2+b×G
p = FT
Z×G
p .

3. Search for G satisfying FT Gp = FT
Z
p and Further classification.
We notice that to solve the problem of deciding whether FT Gp depends on G,
we should solve that problem on the compact abelian groups since any compactly
generated LCA group is a product of finite number of R’s and Z’s and a compact
group [5]. The dual group of a compact group has the discrete topology [12]. More
over if G is a compact abelian group then G is connected iff G
′
is tortion-free [5].
This fact gives a clue to the results in this section.
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First, we introduce Weil’s formula which factorizes an integration on G into
double ones on a closed subgroup and its factor group.
Theorem 10. [11] Let G be an LCA group and H a closed subgroup. Then there
are Haar measures µG, µH and µG/H such that
(6)
∫
G
f(s) dµG(s) =
∫
G/H
( ∫
H
f(s+ h) dµH(h)
)
dµG/H(s+H)
if f is a compactly supported continuous Banach space-valued function or a non-
negative lower semi continuous function on G.
In Theorem 10 if any two of µG, µH and µG/H are given then the third is
determined so that the statement holds.
Andersson [1] obtained the inequality, ‖ IX |FT
H
p ‖ ≤ ‖ IX |FT
G
p ‖, where H
is an open subgroup of an LCA group G and IX is the identity operator on a
Banach space X . By replacing IX with a bounded linear operator T : X → Y in
the proof of [1], we have the following:
Proposition 11. Let H be an open subgroup of an LCA group G then we have
(7) ‖ T |FT Hp ‖ ≤ ‖ T |FT
G
p ‖.
Now we consider torsion-free LCA groups with the discrete topology.
Corollary 12. For any non-trivial torsion-free LCA group E with the discrete
topology,
(8) ‖ T |FT Ep‖ = ‖ T |FT
Z
p‖.
Proof. The proof is similar to that of FTEp = FT
Z
p in [1]: Since Z is isomorphic
with an open subgroup of E, by applying (7) we have ‖ T |FT Zp‖ ≤ ‖ T |FT
E
p‖.
On the other hand for any X-valued simple function f defined on E which has
finite Lp-norm, f is non-zero only on a subset of an open subgroup which is
isomorphic with Zk for some positive integer k. Therefore we have
‖[F E, T ]f‖p′
‖f |Lp(E)‖
=
‖[F Z
k
, T ]f‖p′
‖f |Lp(Zk)‖
≤ ‖ T |FT Z
k
p ‖
and hence
‖ T |FT Ep‖ ≤ sup
k
‖ T |FT Z
k
p ‖ = ‖ T |FT
Z
p‖.
Thus the equality (8) follows. 
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Lemma 13. Let H be a closed subgroup of an LCA group G such that G/H is
finite. If n is the cardinal number of G/H then
(9) ‖ T |FT Hp ‖ ≤ ‖ T |FT
G
p ‖ ≤ ‖ T |FT
H
p ‖ · n
1/p
′
,
hence FT Gp = FT
H
p .
Proof. Since G/H is finite, H is open and by the inequlity (7) we have the left
side. The proof of the right side is as follows. Let us choose s1 , s2 , ..., sn in G
such that G/H = {s1 +H , s2 +H , ..., sn +H}. The measure of G/H is the Haar
measure of unit mass. By applying Weil’s formula, for any compactly supported
continuous X-valued function f on G we have
∫
G
‖f(s)‖pdµG(s) =
∫
G/H
(∫
H
‖f(s+ h)‖p dµH(h)
)
dµG/H(s+H)
=
n∑
i=1
1
n
∫
H
‖f(si + h)‖
p dµH(h)
(10)
and
[FG, T ]f(σ) =
n∑
i=1
1
n
(∫
H
T f(si + h) σ(si + h) dµH(h)
)
=
n∑
i=1
σ(si)
n
(∫
H
T f(si + h) σ(h) dµH(h)
)(11)
for σ ∈ G
′
. The dual group of G/H is isomorphic with the closed subgroup
H⊥ = {χ ∈ G
′
|χ(h) = 1 for all h ∈ H} and G
′
/H⊥ is isomorphic with H
′
. Here
the cardinal number of H⊥ is n, the measure of H⊥ is the counting measure which
make Parseval’s identity clean with constant 1 and we write H⊥ as {η˜1 , η˜2 , ..., η˜n}.
[FG, T ](f) belongs to [C0(G
′
), Y ], so Y -norm of [FG, T ](f) is continuous and by
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Weil’s formula we have
‖[FG, T ]f‖ =
( ∫
H
′
n∑
j=1
∥∥ 1
n
n∑
i=1
σ(si) ηj(si)
∫
H
T f(si + h)σ(h) dµH(h)
∥∥p′dµ
H
′
(σ +H⊥)
)1/p′
≤
[( ∫
H
′
n∑
j=1
( n∑
i=1
1
n
∥∥∥ ∫
H
T f(si + h)σ(h) dµH(h)
∥∥∥p)p′/pdµ
H
′
(σ +H⊥)
)p/p′]1/p
≤
[ n∑
i=1
1
n
(∫
H
′
n∑
j=1
∥∥∥ ∫
H
T f(si + h)σ(h) dµH(h)
∥∥∥p′dµ
H
′
(σ +H⊥)
)p/p′]1/p
=
[ n∑
i=1
1
n
np/p
′
(∫
H
′
∥∥∥ ∫
H
T f(si + h)σ(h) dµH(h)
∥∥∥p′dµ
H
′
(σ +H⊥)
)p/p′]1/p
≤
[ n∑
i=1
1
n
np/p
′
‖ T |FT Hp ‖
p
(∫
H
‖f(si + h)‖
p dµH(h)
)]1/p
= n1/p
′
‖ T |FT Hp ‖‖f |Lp(G)‖.
We used Minkowski’s inequality in the third line. 
Proposition 14. If F is an infinite, compact and connected LCA group then for
any nonnegative integers a , b, there exist c(a, b) , C(a, b) > 0 such that
c(a, b) ‖ T |FT Tp‖ ≤ ‖ T |FT
Ra×Zb×F
p ‖ ≤ C(a, b) ‖ T |FT
T
p‖.
Therefore we have FT R
a×Zb×F
p = FT p.
Proof. If a = b = 0 then by applying (8) we have ‖ T ′ |FT F
′
p ‖ = ‖ T
′ |FT Zp‖
where F
′
is the dual group of F and hence a nontrivial torsion-free group with
the discrete topology. Therefore it follows that
‖ T |FT Fp‖ = ‖ T
′ |FT Zp‖ = ‖ T |FT
T
p‖ and
FT Fp = FT p.
(12)
If a + b ≥ 1 then by applying Theorem 9 and Corollary 4, we have
FT R
a×Zb×F
p = FT
T×F
p
and in fact
c(a, b) ‖ T |FT T×Fp ‖ ≤ ‖ T |FT
Ra×Zb×F
p ‖ ≤ C(a, b) ‖ T |FT
T×F
p ‖
for some positive reals c(a, b) , C(a, b). Here c(a, b) = ( 2
pi
)ab, C(a, b) = 1. Note
that T× F is connected and compact. Thus we again have
‖ T |FT T×Fp ‖ = ‖ T |FT
T
p‖ by (12).

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If F has only finitely many components and C is the component(maximal con-
nected set) of the identity element then F/C is finite and we have the following
result.
Theorem 15. Let F be an infinite compact LCA group with n components. Then
for any nonnegative integers a , b, there exists c(a, b) , C(a, b) > 0 such that
c(a, b) ‖ T |FT Tp‖ ≤ ‖ T |FT
Ra×Zb×F
p ‖ ≤ n
1/p
′
C(a, b) ‖ T |FT Tp‖.
And therefore FT R
a×Zb×F
p = FT p.
Proof. Let C be the component of the identity element of F then the factor group
(Ra × Zb × F)/(Ra × Zb × C) is a finite group with n elements. Thus by Lemma
13,
‖ T |FT R
a×Zb×C
p ‖ ≤ ‖ T |FT
Ra×Zb×F
p ‖ ≤ n
1/p
′
‖ T |FT R
a×Zb×C
p ‖
and
FT R
a×Zb×F
p = FT
Ra×Zb×C
p .
Then the statement follows from Proposition 14. 
This Theorem can not say anything about the case when F has infinitely many
components, because of the factor n1/p
′
.
Theorem 15 can be extended when our scope goes beyond the boundary of
compactly generated LCA groups.
Theorem 16. Let E be a nontrivial torsion free group with the discrete topology
and F an infinite, compact and connected LCA group. Then for any LCA group
G,
‖ T |FT E×Gp ‖ = ‖ T |FT
Z×G
p ‖
and
‖ T |FT F×Gp ‖ = ‖ T |FT
T×G
p ‖.
If F˜ is a compact LCA group with n components then for any nonnegative
integer k there exist c(k), C(k) such that
c(k) ‖ T |FT T×Gp ‖ ≤ ‖ T |FT
Rk×El×F˜m×G
p ‖ ≤ n
m/p
′
C(k) ‖ T |FT T×Gp ‖
and hence
FT R
k×El×F˜m×G
p = FT
T×G
p
where l, m = 0 or 1 and k + l +m ≥ 1. In particular if G is the trivial group
then
FT R
k×El×F˜m
p = FT p.
Proof. First, Z is isomorphic with an open subgroup of E, and then Z×G is an
open subgroup of E×G. By applying (7) we have ‖ T |FT Z×Gp ‖ ≤ ‖ T |FT
E×G
p ‖.
Conversely, for any simple X-valued function f which is defined on E×G and has
finite Lp-norm, the support of f is a subset of Z
k × G for some positive integer
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k. Therefore by Lemma 5 it follows that ‖ T |FT E×Gp ‖ ≤ supk ‖ T |FT
Zk×G
p ‖ =
‖ T |FT Z×Gp ‖.
Second, from the duality argument it follows that
‖ T |FT F×Gp ‖ = ‖ T
′
|FT F
′
×G
′
p ‖ = ‖ T
′
|FT Z×G
′
p ‖ = ‖ T |FT
T×G
p ‖.
The rest follows by applying the above two results, Proposition 1, 2 and Lemma
13. 
Remark 2. If G is an LCA group and C is the component of the identity of
G then C is a closed normal subgroup of G and the factor group G/C is totally
disconnected and Hausdorff. From (24.45) of [5], if C is open then G is isomorphic
with C× (G/C). In particular C is open when G is locally connected. Hence to
solve the question, denoted by (P), whether ‖ T |FT Gp ‖ is equivalent to ‖ T |FT
T
p‖
or not, it is useful to find C and G/C. Since C is isomorphic with Rn×K, where
n is a nonnegative integer and K is a compact connected group, see Theorem
9.14 of[5], the answer for (P) is affirmative when G/C is good.
Theorem 17. Let G be an LCA group with n components. Then there are
positive real numbers c and C such that
(13) c ‖ T |FT Tp‖ ≤ ‖ T |FT
G
p ‖ ≤ n
1/p
′
C ‖ T |FT Tp‖
and hence FT Gp = FT p.
Proof. Let C be the component of the identity, G/C is a finite LCA group. Hence
by Lemma 13 we have ‖ T |FT Cp ‖ ≤ ‖ T |FT
G
p ‖ ≤ n
1/p
′
‖ T |FT Cp ‖. And C is iso-
morphic with Rk × K, where k is a nonnegative integer and K is a compact
connected group. K is trivial or infinite. If K is trivial then by applying Propo-
sition 2 it follows that
c ‖ T |FT T
k
p ‖ ≤ ‖ T |FT
C
p ‖ ≤ C ‖ T |FT
Tk
p ‖
for some c, C > 0. And by (12), ‖ T |FT T
k
p ‖ = ‖ T |FT
T
p‖. Thus we have
(14) c ‖ T |FT Tp‖ ≤ ‖ T |FT
C
p ‖ ≤ C ‖ T |FT
T
p‖.
If K is infinite, we also have (14) by Proposition 14. Therefore the inequality
(13) follows, and FT Gp = FT p. 
Theorem 18. If C is the component of the identity of an LCA group G and G/C
is a (nontrivial torsion free group)×(finite group with cardinal n) with the discrete
topology, then ‖ T |FT Cp ‖ ≤ ‖ T |FT
G
p ‖ ≤ n
1/p
′
‖ T |FT C×Zp ‖ and FT
G
p = FT p.
Proof. We have that G is isomorphic with C× (G/C) because C is open. We can
apply Proposition 11 and Theorem 16 to obtain this theorem. 
As for the class of Banach spaces which has Fourier type p for an infinite LCA
group, we have the following:
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Corollary 19. i) Under the same conditions as Theorem 16 we have
FTR
k×El×F˜m
p = FTp.
ii) Under the same conditions as Theorem 18,
FTGp = FTp.
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